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I. INTRODUCTION
In late May of 1963, in search of an area as exciting as hypersonic reentry, which I had left
some years earlier, I took up mathematical treatment of physiological problems. At the
tenth anniversary of my entrance into this field, one which at the time provided no guide-
lines for a mathematician but which now boasts at least one journal (Mathematical Bio-
sciences) and enjoys a position of intensive interest among mathematicians, I ask to be
permitted to enter some personal professional history.
Physiologists have perhaps always regarded their field as mathematical; they emphasize
"function" and often disdain Anatomy and Morphology because such studies are not
mathematical enough for them. Among physiologists are some who have tried to give
mathematical treatment to their problems, and occasionally physicists (or, in one notable
case in Renal Physiology, a Chemical Engineer) have joined them, but almost invariably
they have been without benefit of the outlook of a professional mathematician, and I find
this to be indispensable.
My own work has been in a variety of physiological areas-blood flow and wall tension,
electrophysiology and cardiology, renal physiology and body regulatory systems, cell
communication and electrophoresis, and theory of hearing-but all these studies center
around numerical analysis together with theories of partial and ordinary differential
equations. One emphasis has been on the further development ofthe concept of "well-posed
problems" in such a way as to adapt this concept to certain physiological phenomena;
another has been on reformulations of formerly incomplete models to include the obviously
relevant physical effects and to achieve numerical stability in those cases where the models
could only be pursued on a computer. In someone else's hands other mathematical tools
might have been utilized, but it is doubtful that other tools would have been as effective.
Certainly I entered the field believing that my background, though almost devoid of bio-
logical content, uniquely suited me for the pursuit of problems arising out of physiology.
At this time in the development of the field. though a deeply philosophical attitude is
indispensable, it is my position that philosophizing is to be eschewed, and only particular
problems should be attempted. Since nonlinear problems are often involved in biology,
the computers have necessarily played an essential role in developing the field, and many
basic facts could only have been discovered through massive systematic computations
together with an intelligent analysis of them.
'This was the title of an invited address covering the same material given before the Australian Mathematical
Society on 17 May 1973 at the University of Tasmania, Hobart.
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2. THE BLOOD PRE SSUR E CU FF AN D SOU RCES OF SOUN D I N TH E BOD Y
Physicians ha ve a tradition ab out a surg eon who br agged of do ing a ton sillectom y
starting from the wrong end , and und oubtedly med ical pr actitioners tend to identify any
scientist who wants to use mathematics to und erstand physiology with thi s erudite but
foolish (and mythical) colleague. Nevertheless, it mu st be admitted that for me the interest
in ph ysiology all sta rted when a doct or in Arizona insisted on show ing me a foolproof
method of measuring the minimum or diastolic pressure in an appendage segment witho ut
insertion of a pressure device.
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Fig. I. A schematic of the " peaking met hod " for measuring d iastolic pressure .
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One simply places an ordinary blood pressure cuff, which is instrumented to record the
pressure within it in position over the segment. As shown in Fig. l , if the cuff pressure is set
just below the maximum or systolic pressure inside the segment, then virtually all variation
of pressure is choked off. No-one challenges that this cuff pressure gives the systolic pressure
in the segment as accurately as it is needed and that the information on systolic pressure is
obtained as well without incision as with it.
There has been controversy over the measurement of the minimum or diastolic pressure
in a segment. Decreasing the minimum pressure in the cuff, a marked variation of pressure
in the cuff begins to appear with a total travel (amplitude) that continues to grow larger
until the minimum cuff pressure is equal to the minimum pressure inside the segment.
This is the diastolic pressure, and its value can easily be determined because as the minimum
cuff pressure is lowered further the pressure travel in the cuff record becomes smaller.
In most individuals it grows small much faster than it originally grew large.
The phenomena is remarkably repeatable, and yet in my first initiation to it no-one
offered me an acceptable explanation. The "peaking" in the record at the diastolic setting
of the cuff, since it is quite acute and sudden, appeared to me at first to be a clear case of
nonlinear resonance, and I entered a research program to study it as such. But everything
in an empirical science depends on what one is looking at, and I had no real reason to
believe this was nonlinear resonance. Calm reflection was enough for one to see that here
was involved a heavily damped mechanism that was not nearly as dynamic as would be
necessary for resonance to occur. Thinking to increase the minimum cuff pressure starting
from lower values (i.e. starting from the bottom of Fig. 1 rather than the top, as above) the
pressure travel in the cuff increases if a concave upward circumferential tension vs stretch
relation applies, so long as the net pressure is outward from the segment. Viewing the
segment as though it were a fluid-filled thin membrane cylinder with air in an annulus (the
cuff) around it. for any minimum setting in the cuff below diastolic pressure, the net pressure
on the membrane is outward toward the cuff, and for a concave upward circumferential
tension vs stretch relation the net travel increases as the minimum cuff pressure approaches
the diastolic level. When the minimum cuff pressure exceeds the diastolic level then the net
pressure outward is decreased, and the corresponding pressure travel in the cuff is less.
This is the rather prosaic explanation for the "peaking" phenomenon. One can make
some mathematics of it; if the circumferential tension vs stretch relation T = g(r) is concave
upward, then g(r)/r is increasing, and this happens if g(r)/13 has at most one fixed point for
every 13. Of course, this is a perfectly reasonable result; too reasonable because, in plain
fact, no-one is really interested.*
More interesting is an ancillary general comment on diagnostics. Practitioners rarely
use the "peaking" method, but rather they gradually lower the cuff pressure and listen for
a precipitous decrease of sound. in an artery distal from the cuff, right after the diastolic
pressure is passed. My contention is that this is a secondary effect of "peaking"; the flesh
between stethoscope and arterial bed, being principally liquid, transmits auditory frequency
sound waves very efficiently but not the slow variations of pressure, and the stethoscope
only receives those frequency components of the pressure waveform that are passed by the
"However, knowing the maximum and minimum pressure inside the segment, a set of records as schematically
pictured in Fig. 1 would allow determination of a tension vs stretch relation by working with corresponding peak
and trough value in the cuff and in the segment. The author gave an invited address on this subject to a national
meeting of the American Biometrics Society in Tallahassee. Florida in 1965.
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flesh acting as a filter. Coupling, of course, causes the waveform in the segment to be shaped
and amplified b~ the events in the cuff and then this waveform is transmitted down any
artery in the segment. Probably all the filtering takes place at the site where the stethoscope
is placed above an artery. In arteries as small as the brachial artery in man such a waveform
would be transmitted very faithfully.
The more rapid decrease of travel on the bottom of Fig. 1 indicates that the intensity of
the filtered sounds should decrease rapidly after the diastolic pressure is passed. In some
patients these sounds do not happen to decrease so rapidly, and this makes it very difficult
to measure the diastolic pressure by listening for an abrupt decay of sounds; in some
patients an extremely low diastolic pressure may be incorrectly recorded when the auscula-
tory method is utilized, indicating fictitiously that a serious condition like an open patent
ductus (connecting systemic and pulmonary circulation) is present. For this reason the
"peaking" method is strongly advised in place of the ausculatory method.
Simple logic indicates that all sounds of the body originate in a Fourier analysis of some
pressure waveform, and this is the basis of my contention that these studies would be
revealing for medical diagnosis. Heart sounds, for example, and other sounds of the chest
that are often used to diagnose ailments of the lung and heart, must originate in the pressure
waveform found in the thoracic cavity. A simple pressure transducer can be swallowed and
retrieved again without danger, leaving the clinician with a thoracic pressure record. Com-
parison of the analysis of this waveform with the descriptive interpretation often given for
chest sounds should be revealing. Presumably if we knew more about the pressure wave-
forms in the body and the factors that influence their shaping we could make more in-
telligent use of the sounds of the body. Either this would be so or sounds would simply be
revealed as very poor sources of diagnostic information.
3 WAVEFORMS IN THE AORTA
Almost immediately, since my analysis of the blood pressure cuff device suggested the
importance of circumferential tension in arterial walls, my attention was drawn to the
change of waveform that occurs down the trunk of the aorta (see Fig. 2) and to the inference
of thoughtful clinicians that this was owing to the resilience of the walls. Very near the
heart, because of rapid variations of pressure across the channel, a single pressure measure-
ment is quite worthless, but further down, the pressure vs time waveform is low and flat.
Generally, one notes" that as the pressure transducer is moved away from the heart this
wave begins to form a peak which eventually becomes quite marked, and the peak moves to
earlier times until the transducer is near the femoral end where the peak moves slightly to
later times again. This last slight reverse movement of the peak is thought to be due to a
reflection of energy from the high drag end of the aorta in the femoral branches. The peaking
of the originally flat waveform and the general movement of the peak to earlier times is
due to the more rapid transmission of larger pressures, of course, and in turn a quick analysis
leads one to believe that this is generally due to a concave upward circumferential tension
vs stretch relation. A perfectly rigid tube would transmit pressures (in an incompressible
fluid) instantaneously, and with the presumed upward curvature of the tension vs stretch
relation the tube would harden as the pressures increased. It should be noted that the change
of waveform would be opposite if it were due to the pumping of blood into lateral openings.
"So far as we know no rigorous statement would be justified here.
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Fig. 2. Pressure VS. lime wavefo rm in the ao rta .
The literature I examined said that clever observers had undoubtedly noted certain
alterations in this pattern as indic ations of hardening of the aorta walls, and I resolved to
make an effort at determining what was involved.
Assuming at this stage that everything would be known ab out fl ows th rough tubes, I set
ab out to disco ver the ten sion vs stretch relation from known flow and pressure values.
Assuming conservati on of energy and mass in a sho rt relatively straight section of variable
length and taking the Laplace law for a thin membrane cylinder as a modeling assumption
that essentially defined circumferential tension, it was possible (see Fig. 3) to deri ve a first
order ordinary differential equation for circumferential ten sion , and it was possible then
to th ink of approximating it in term s of its value at one point by use of Runge-Kutta or
other standard finite difference procedures.
But to my surprise virtually nothing was really known about flows in compliant tubes,
and the formulation for circumferential tension required a knowledge of the measured
pressures together with cor respo nding values of velocity given in term s of the radius. In
fact, the formulation showed that to make the required computat ion of the chan ge of tension
with radius at any given radius one needed accurate values of the second (special) gradient
of pressure, a fact that was entirely reasonable considering that the first grad ient was
obvio usly necessary even just to det ermine the velocity alone in a rigid tube. A brief study
showed that it was impossible to co nceive of measuring poin t veloci ty accura tely and that
the essentials were (i) a determinati on of second pressure gradients with (ii) a computation of
velocity in terms of radius from the measured pressure gradient. It may be remarked that
an assessment from the data ava ilable revealed that the kinetic energy in the walls of the
aorta was negligible compared to the work done in moving the walls, and the kinetic
energy of the fluid often dominates its potential energy (see Fig. 3).
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Fig. 3. Derivation of differential equation for the tension vs. stretch relation.
4. MEAN-SQUARE ASYMPTOTIC UNIQUENESS
But a quick study revealed that even pulsatile (time-dependent) flow in rigid tubes was
still a mysterious matter, and pulsatility is a salient feature of blood flow, as the above state-
ment about kinetic energy reveals. There was a treatment in the literature in which a given
pressure gradient was expanded in a Fourier series and then what were referred to as
"steady-state" solutions were found for each component, from which, of course, the solu-
tion could be recomposed, but not only did this give no clue as to how to compute a flow
in a compliant tube, since that is a nonlinear problem, there was also no clue as to what
was intended under the phrase "steady-state" in this time-dependent situation.
In pursuit of this question it may be pointed out that the flow of an incompressible
fluid in a rigid tube with given pressure gradient is governed by an equation of parabolic
type. The velocity must be zero at the walls, and to determine a unique solution one would
seem to need to be given an initial velocity. Certainly if one is given the initial velocity
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(going "smoothly to zero at the walls) a unique solution is determined, and without it a
continuum of solutions is possible. But the initial velocity is not available in the aorta or
in the arteries of the body generally. An organism is conceived, its cells differentiated, and
it is eventually born: the flow is simply there, never starting from an initial velocity and
certainly not from zero the way one might force it to in the engineering laboratory. We do
not choose to stop the fl ow in the aorta, or even to conceive of doing so, just to have a well-
posed problem. The problem must somehow be well-posed without specification of the
initial values or simply our formulation does not describe the phenomena.
One feels anyway that the initial velocity should be of no real consequence. If everything
is right in the world the viscous shear force between layers offluid should provide a dampin g
of changes in velocity so that the effects of an initial velocity wash out quickly, providing
only a rapidly disappearing transient and providing that all flows, corresponding to
possibly different initial values. quickly converge to a common solution that we can
legitimately describe as a steady-state. This gives us uniqueness up to rapidly decaying
transients, and since we formulate the convergence in L 2- norm, we call this condition that
gives us a unique steady-state. "mean-square asymptotic uniqueness" , clearly a
weakened sense of uniqueness over that which is classically used in boundary value prob-
lems.
The flow of an incompressible fluid in a rigid tube formed by a cylindrical surface is
governed by the equation
(I)
where v is the (one) non-zero velocity component in the x-direction, d is density, \' = J.1 /d
with J1 the viscosity coefficient, I (t) is the given (or measured) pressure gradient in the
x-direction, A is a cross-section area, (y. z) is any point in A, and t is time. Where c5A is the
boundary of A. we require that
v = 0 in c5A . (2)
Letting v and IV be two regular solutions of equati ons (I) and (2), corresponding perhaps
to two different initial functions v(y, z, 0), we put U = v - IV and let
I(t) = ~f u2 dA.
2v A
Then
J'(t) = (ljv){ uufdA = {UL\UdA
=LUti. ds - I (u; + u; ) dA
= - I (u; + u; ) dA.
But since tI = 0 in c5 A. from Raleigh-Ritz considerations,
J'(t) :::; -;,21 u2dA = - 2V),2 /(t):::; -2v),;I(t)
C.A .M.W.A., Vol. I, No. I-D
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where ).2 is the first eigenvalue (4) .'1' + 4>== + /.24> = 0 in A, 4> = 0 in 6A) of the Dirichlet
problem in the cross-section A and ) ; is the first eigenvalue of the smallest circle (or radius
r) containing A. Then where Po is the first posit ive root of the Bessel functi on Jo(p),
(3)
where T is the period of the largest frequency component of the given pressure gradient and
r2 r2
;x2 = - - = --- :J>
vT \'
is the dynamic dim ensionless parameter. For normal conditi on s of blood flow, in fact
except po ssibly in the conditi on of fibrillation (which is fatal in a short time) frequencies
are quite small* in blood flow so that 1/Cl. 2 is large. Then according to equation (3) the effect
of transients in mean-square can be expected to be quite short-l ived .
Accomplishing the same result for compliant tubes is not so easy, and the result is not so
complete or satisfying. The velocity now depends on x, so a Vxx term must be added to the
Lapl acian in equation (I) and a VV, term must be added to the acceleration v,. These changes
introduce a new dim ension so that mean -squ ar e asy mpto tic un iqueness mu st be sought in
a tube segment R(t) rather than simply in a fixed cross-sectio n A, and one wo uld not like
to introdu ce artificial bou ndary co nditions at the ends of the segmen t, but, moreov er , the
problem is now nonlinear, and genera lly one does not exp ect glob al uniqueness any lon ger.
It is necessary to define a relat ion which gives an equivalen ce class of solutions within
which mean-square asy mpto tic uniqueness can be proved . We have given such a relation
and ca lled it a " Windkessel" co nd itio n because it seems to refer to the effect on velocity of
the co mpliant give of the arterial bed, but any such relation must nece ssarily remain
controversial. Thi s condition is, however, thoroughly argued in our book [ I] and shown
there to be consistent with obv ious properties of know n flows. Moreover, it does avoid the
add ition of artifici al boundary co ndit ions to account for va riation in the x-direction.
The influence of "compute r thinking" , if not the actua l imp ortance of computati on s, can
already be seen. Not only was the who le investigat ion moti vat ed by the requirement for
an entry of certain term s in an ordina ry diff erential equati on th at one hope s " to solve"
numerically, but the who le co nce pt of " mea n-squa re asy mpto tic uniqueness" is remin iscent
of the numerical ana lyst's noti on to sta rt itera t ing from any initial-v a lues and yet arrive
qu ickly at a " steady-sta te" . In fact, I was moti vated in conception by early wo rk of G ar a-
bedian [2] showing that the iterative variable in certain finite difference analogues of
partial differential equations could be regarded as a time step variable and th at the choice
of the accelera tion par ameter to be less than two to obtain co nvergence in successive
repl acements (success ive over-relaxatio n) could be related to the stability criterion in a
marching scheme that requ ires the march to be co nd ucted within character istic con oids.
5. A SO LUT ION F OR R IG I D T UB E FLOW
Becau se of the nature of my wea kened uniquene ss, an y on e of man y solutions can be
pre sented, and it beh ooves us to find one in a convenient fo rm . From equati on (I), tem-
porarily regarding v, as well as l it) to be known, we may write the operator equation,
' T he so unds described above that are assoc iated with the Fo ur ier analysis of a pre ssu re wavefor m are so
quiet. low and d ull that they are often descr ibed as a " thu d" .
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v = (~ (g, dA) .f(t) - ~ (~f gv, dA) ,
2n L dv V 2n A
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(4)
wh ere g is the classical G ree n's function for the Dirichlet problem. In spite of th e appea rance
here of Vr (an unbounded opera to r) we iterate taking the free term as the initial approxima-
tion. This yields
where
(5)
and
~Vo = I on A,
~V; = V; _ 1 on A,
v = 0 on bA
v = 0 on bA.
(6)
In the case of axial symme try, of course, the problems (6) can be readily so lved , a nd the
result (5) is quoted in Refs. [ IJ a nd [3J for that case up to n = 3.
Co nve rgence is so mew ha t di fficult to prove here, a nd it is only va lid if the given pressure
grad ient I is locally ana lytic, but it must be noted th at the series is asymptotic in powers of
the dyn amic dimen sionless param eter s rJ.2, for a ny power of (X2, a nd thi s is the importance
of the resul t. In relatively sma ll a rte ries, even possibly the brachi al artery of man ,
only the free term, which is the classical Poi seuill e. flow will be needed, and thi s just ifies
th e fourth power law for vo lume flow rate qu ot ed in medical texts since thi s arises by
in teg ra tion over a circle of th e Poiseuille velocity . In the ao rta only a second or at most a
third power of rJ.2 will need to be incl uded.
Eq ua tio ns (5) a nd (6) make it clea r why the eigen valu es of the Dirichlet problem suddenly
arose in the asy mpto tic uniqueness co ns idera t ions in Sect ion 4.
6. FLO WS IN CO M P LIAN T T UB ES
As pointed o ut at the end of Secti on 4, the intro duc tion of compliance in th e tube wall
forces the equati on of moti on to be nonlinear and introduces variation with ano ther
variable x. Strictly speaking it a lso necessarily introduces two new components of velocity
with two new equations th at go vern them, but we ass ume the tube wall moves eno ugh to
affect the mass and energy balance and not enough to a ffect radial velocity. Using the
techniques of Section 3 th is serves to split apart the pr oblems of tension and velocit y
determination (in terms of a varying radius). Florescopic o bserva tions make it clear th at
radial expansion is too minor to affect radial veloci ties, whereas the ch ange of waveform
makes it clear that co mplia nce is effective.
But o ur o ne co m po nent eq ua tion is nonl inear. By leaving the initial co nd itio n un -
specified ex istence becom es a rela tively easy qu estion which is resolved wit hout resorting
to any abs tract form of exis tence. In applications of th is type being able to wo rk with
regul ar so lutio ns is a distin ct advantage over a wea k so lu tion since regular solutio ns can
be more ea sily inte rp reted in physical terms, and the ploy of weake ning the sense of unique-
ness so as to lea ve o ne boundary condition un specified does help in proving the existence
of regular sol utions. A seq uence of linear boundary-value pr oblems whose so lutions
co nve rge to the so lut ion of the nonlinear problem is found by using the Kantorowich
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theorem [4] giving the Newton method on a Banach space, and each of the linear problems
is solved by the methods outlined above for rigid tube flow. Actually, an analysis of the
Newton method which is adaptable to underdetermined problems, as given by Altman [5],
is even more useful than the Kantorowich theorem in revealing the usefulne ss of leaving the
initi al velocity unspecified[l ].
Th e original clinical moti vations, to quantify the process of hardening in the aorta, was
probably a bit juvenile. By showing our failure s and our immaturity (at an early stage) in
th is article as well as our successes, it is my belief that I am contributing to the guid ance of
those who would enter the field as well as revealing the true nature of its development. A
more mature aim than diagnosing arteriosclerosis is the gathering of basic scientific
knowledge about blood flow in vivo. Sophisticated X-ray cinecamera and a state-of-the- art
optical scanner together with one pressure transduc er in place can most probabl y give a
direct measure of the ten sion vs stretch relation that we would also compute indirectly
from second (and higher) measured gradients of pres sure. In case we do get rather preci se
agreement the project is over , but otherwise our very minimal set of assumptions on the
character of blood flow must be challenged one by one. As each is corrected and result s are
improved, we will learn the true character of blood flow.
7. EL EC T R O P H YS IO LOG Y
By the time I arrived at Indiana Uni versity in 1965, someone had interested me in the
apparent flashes of light received in the optical train of a eat's eye when the light supply to
the retina is cut off. Realizing that the system is exceedingly complicated if one looks at
microscopic detail, but not realizing that basic cellular mechanisms were already well-
kn own for the tran smission of information on ner ve fibers. I undertook in the ab sence of
an y such knowledge to con struct a purely phenomenological model of what was happening
on " the optical train ". The model was linear, but nevertheless quite interesting, and when
I thought I had something substantial completed I spo ke ab out it to a young electro -
physiologist Charles Barnes, in the physiology department. I recall that he started to tell
me the well-kn own mechani sm for the propagat ion of an electrical impulse on a nerve
axon, and I recall saying, " Well, I don't believe that! "
But, something clicked, and I went back to my office to reread some striking comments
I had seen about the work of Hodgkin and Huxley which had not been quite understand able
to me at the time of my first reading. As I re-read the comments, with some only very
tentative understanding, and then read the original works, the mystery intensified because
an equation of parabolic (diffusion) type was combined with the wave equation to get an
ordinary differential equation! Moreover, a transmission line theory was used with out
inclu sion of an inductance term , which Faraday successfully argues must alway s be there
at least in small amounts, and a truly gross numerical instability was encountered. More-
over, the original boundary-value problem for par ab olic type, had it been used by Hodgkin
and Hu xley. would have been over an infinite region, whereas it should have been over a
finite region. With the help of frequent revealing discussions with Dr. Barnes, I was to have
the plea sure of resolving these que stions and of opening the who le of electrophysiology to
extensive mathematical stud ies that are still con tinuing. Some astonishing insights, such
as the line balance of a neuron, have been established which had never been anticipated by
other means, and properties of synapses (speciali zed junctions between nerve cells) have
been revealed that never were discussed before. With the ad vance of my current calcul ati ons
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(sponsored by the Australian Research Grants Committee) some of the most basic current
noti ons in cardiology will come under question. It will be seen certainly that computing
results have guided successive developments and increasingly sophisticated mathematical
analysis.
8. TH E N EU RON ME CH A NI SM
The axo n of a nerve cell is a long thin tendril structure covered by a membrane which
is selectively perm eable to K + ions concentrated in the interior and Na + ions concentrated
on the exteri or. Both interior and exter ior are conducting media. If a segment of axon is
removed from its ambient medium and put in a Na + ion bath in the laborat ory, in that
condition it is more permeable to sodium ions, and the net flow of ions inward create s a
voltage across the membrane which eventually brin gs it to a zero net current equilibrium
with a corresponding voltage across the membrane, ca lled the rest voltage, that will be
referred to as a zero reference value. If by some exterior means, such as the application of an
excitatory chemical [e.g. acetycholine (ACI)], or by the insertion of a micropipette to inject
so me sodium ion s, the volt age is displaced by very small am ounts, a slow recovery simply
follows back to equilibrium. But if the voltage is displaced by as much as 7-10 mV (in the
direction it was moving before reaching equilibrium ), the equilibrium conditions are ex-
ceeded. The sodium enters an active phase where the flow of sodium ions inward rapidl y
increases and the membrane voltage rises abruptly until displacement occurs of approxi-
mately 100 mV. Then the sodium begins to dea ctivate and the potassium flows outward
eventually restoring the membrane voltage to its rest value. Simultane ously with this action
the whole pattern propagates (at a con stant rate) down the axon. An impulse is either
" fired off" down the axon or not , and inform ati on is frequency (pulse) modul ated in the
body. Other electrically active cells that operate on the same principle (neurons) are :
skeletal muscle fibres, smooth muscle cells, heart contractor cells, a pacemaker cell (that
serves to pace and time the heart) and modulat or cells associated with recept or s ; all have
very different electr ical behaviour and yet the gross properties of all these activities are
modeled by one set of equations which we will call the reformulated H odgkin-Huxley
equations.
The mechanism that Dr . Barnes described to me was essentially that given above. I had
no idea, even, that muscle cells were related to ner ve cells. They contain contractive prot ein
clements, actin and myosin, that activate after the passage of an action potential (and the
passage inward of sodium ions), but otherwise they are essentially unmyelinated nerves.
Strictly speaking the above discussion relates only to nerve axons for invertebrates or
muscle fibers for verteb rates. Nerve axon s for vertebrates have a deposit ion of myelin
close to the membrane which insulates it elect rically except at a discrete set of points ca lled
" nodes of Ran vier" .
Th e mechanism described above obviously pr ovides a pattern of toroidal circulations
"rolling" down the axo n, which, when seen as a simple sca lar change of voltage across
the membrane, we call an "action potential " . Thi s circulation pattern for verte brate nerves
can only occur thr ough pairs of node s, but we [6] find they too provide an indu ctance per
unit length of the form
L
1= - 2'
na
(7)
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(9)
where a is the radius and is quite small. An inductance of this form is found to be essential
in order to obtain agreement in our solutions with a vast amount of empirical literature.
Inactive cells have I = [L/(2na)], generally a much smaller value. The form (7) arises from
essentially na2 loops of current in parallel with inductances that are essentially independent
of a. The [L/(2na)] form arises from currents induced in the exterior medium (down and
around the axon) and forming a theoretical loop that is infinitely long with currents passing
down the length of the interior, and so it does not require the presence of an active mem-
brane; the L/na 2 form does require the presence of an active membrane.
The myelination also greatly decreases the membrane capacitance C,\I' and thus greatly
increases the rate of propagation, which we have found to be given by
e= / ~Z1~. (8)
,J LCM
This result depends markedly on the assumption of the form Ljno? for line inductance.
The line balance spoken of above, which is essential for the efficiency of a neuron, when
written in the linear terms of a classical marine cable, is
r g
-
I CM
where g is leakage (membrane) conductance and r is axon resistance per unit length, and
CM is now regarded as the capacitance of the insulation to the open sea. Although this
relation is a bit more complicated for neurons, which are highly nonlinear devices, one can
already note here that lowering eM has the same effect in bringing the two sides of eq uation
(9) into balance as raising I does. Thus for vertebrate nerves, line balance is achieved by the
opposite means used at the turn of the century to balance the world's transmission lines.
Heaviside already understood in the late 1870's that balance could be achieved by lowering
the line capacitance, as is clearly shown in vituperative arguments he engaged in with the
head of British telegraphy, William Preece, but the lines available to him had too small a
source of inductance (of the form L/2na, with a quite large indeed compared with nerves)
for this to be practical. At the tum of the century, M. I. Pupin learned how to introduce
coils in the line without producing reflections from them, and then balance became possible
for transmission lines by using large inductors. Nature had already provided some con-
siderable inductance in neurons (of the form Lina' with a quite small) by way of the cir-
culating pattern of ions, and balance was greatly improved for vertebrates by myelination
which provided a significant reduction in capacitance. The effects described in both equa-
tions (8) and (9) equipped the vertebrate much better for the "fight or flight" for survival
so I have insisted that the toroidal circulation patterns are a highly significant feature of
highly organized life.
Vertebrate axons transmit impulses at a rate up to 100 times that of invertebrates, and
because of their low capacitance they can have a line balance in spite of the fact that they
have an enormous resistance owing to their tiny dimensions, a = 0·01~0·001 mm.
9. THE ROLE OF COMPUTATIONS
In 1952 Hodgkin and Huxley published a series of four beautifully conceived papers
providing an empirical fit of data on the voltage vs ionic conductance relations for the
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membrane of the giant axon of the squid Loligo and used thi s to construct a mathematical
model for a "propagated acti on potential", meaning an impulse after it is fully de veloped.
They were awarded a Nobel Laureate in 1963 for thi s work and sha red the pri ze mon ey
with Ecc1es[7] who worked on the phy siology of the syna pse. They used the early form of
marine cable theory (,.- c. Kelvin line. parabolic type) which ignored inductance effects.
but then recognized the pr opagat ion properties by using the seco nd order wave equation
in co njunction with it to obta in an ordinary d ifferential eq ua tio n for the voltage vs time.
It is not that wave solutions cannot occur in parabol ic type. there is a modern the ory of
" evolutiona ry equations" that contain such so lu tions[S] (but the problem mu st be a
finite one. I added an inductance of the form I = L/rr(2)and st ill using the H odgkin -Huxley
expressions for membrane current density. obtained a system of equations involving the
second order wave operator applied to the voltage functi on as one of the principal parts.
Imposing a square wave at a (theoretically) cut end (by applying a boundary condition on a
time interval at x = 0) my calculations showed that a so lution developed asymptotically
that satisfied the wave equati on with the propagation rate (S). This was revealed by checking
th at eventually the volt age became constant on both sets of ch ar acteristics, each with slope
magnitude given by equat ion (S). This was the propagated act ion potential of Hodgkin and
Huxley, and I could now evalu ate the inductance from the measured propagation rate.
From knowledge that the wave equation was eventually sa tisfied I also could now write
an ordinary differential equa tion. one I now call " the reformulated Hodgkin-Huxley
equation" by deleting the wave operator terms. but D r. Barnes insisted that an impulse
approximately sa tisfying the wave equation springs up at the point of stimula tion. and not
ju st at some con sid erable distance down the axon. He was spea king of a stimulus applied
by injecting some ion s throu gh the membrane. and I modeled thi s injection by simply
adding a co nsta nt to the Hod gkin -Huxley (empi rical) expression for membrane c urrent
density. This gave a forcing functi on in the differential eq ua tio n. and I "solved " numer ically
sta r ting on a segment of qui et (v = VI = 0) axon. At the st imulus point thi s so lution agreed
very well except for a sma ll t ime shift with th at of the o rdi na ry differential equation , and
so thi s was a second and more direct verifica tion of the ord inary differential equation . A
third was given by comparing its so lu tion with that de veloped asy mpto tically from a sq uare
wave applied at a cut end.
Obviously the second verificati on involved a singular perturbation and gave something
more than just the asymptotic or " propagated" cha rac ter of an action potential, but I
puzzled for some years over what small parameter it turned on . Eventually this was shown
to be a small value of the Heavi side parameter. which would essentially be (9) with one
member moved to the opposite side . Such a singular perturbation would never have been
suspected without computation a nd may never have been expected even then except for
extensive empirical experience . Hodgkin wrote th at " partial differential equati on s are
numerically impracticable" and indeed theirs were . because in 1966, with the best of co m-
puting machines available. one of the above boundar y va lue problems to ok 30-45 min
co mputing time. The 1952, and earlier vin tage, computing machines were clearly not up to
it : I discovered that a fine mesh size was required in the partial differential equa tion
routine in order to yield even passable accuracy. It is th is th at req uired a fast machine and
large machine time .
One pair of authors[9] who had seen my work and talked with me extensively a bo ut it,
reran my partial differential equati on problem but with a membrane capacitance that was
large by a factor of 1000! Of co ur se. th is mo ved them far aw ay from the line bal ance relation
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(9), which is now seen as the reason for the pure propagation effect, and, of course, they re-
ported that there was no pure propagation effect. This would have simply been further
verification of my work, but they had also made a mistake of sign in the basic transmission
line equations which have been well-known since the mid-nineteenth century; they also
used a finite difference procedure that if it converged would give solutions where none exist.
The original ordinary differential equation of Hodgkin and Huxley exhibited a gross
instability in numerical treatment, and it was this that attracted me to reformulate it, more
as a numerical analyst than as an electrophysiologist. My new formulation is stable, and a
student has shown that it is continuously dependent on its parameters (Math. Reviews,
Vol. 42, No.5, p. 7302, 1971). In the original formulation quite gross effects resulted from
changing one parameter in the tenth digit.
A nerve fiber and a skeletal muscle fiber both fire off one impulse for one stimulus, the
modulator-receptor cells fire off a finite chain the length of which depends on the level of
stimulus, and the pacemaker fires off an infinite chain of impulses from a very low level
stimulus (see Fig. 4). The computations show that all these can be modeled from one set of
equations (although the skeletal muscle fiber requires the partial differential equation
version with somewhat special boundary conditions), and, strangely enough, all the gross
behaviors that ordinary differential equations can possibly exhibit[IO] are found in different
electrically active cells.
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Fig. 4. Pacemaker behavior from a stimulus 10 = 1 JiA/cm 2 (with sodium conductance 60 per cent higher than
Math emat ical treatment of so me problems in ph ysiology 57
10. H EART CO NTRA CTION CE L L S
The heart contraction cells exhibit a plateau behavior because the y must sustain a
contraction over a per iod of approximately 600 msec (in humans). But to obtain this
behavior I had to go to a very high level of stimulus. Starting with parameters th at give
pacemaker behavior at an applied ionic current density of 1 /lAfcm2 , [ found that I must
nevertheless use a stimulus of 500 JlAjcm 2·to obtain a true plateau behavior (see Fig. 5).
Empiricists have long reported that the y could not obtain the plateau effect from a single
cell. but this has usually beeen thou ght to be an anom aly. Heart cells are blood-rich and
notoriously difficult to work with ; flushing out the blood could alter their properties.
Moreover, empiricists usuall y have had to content themselves with results from cultured
cells, so there has always been some skepticism ab out not getting the plateau effect from a
single cell. However, [ now believe that the plateau behavior is a system effect because the
stimulus I must give to a single cell to get a plateau effect is far too high to be practical. I
have work in progress to compute the electrical properties of a system (syncitium) of cells
that share each others' membrane currents in adjoining pairs, whereas the whole system
is fed by the current generated in a pacemaker cell, and I hope to get a sustained behavior
from such a system from only a I /lA/cm 2 stimulus. The best evidence is that this would
give an excellent model of heart tissue. If it succeeds it will open up a number of basic
questions in card iology, such as a mechanism of how the pacemaker disciplines the heart to
its period. and also how a wave travels through a bed of heart cells. Some modern cardio -
logists have been using the Huyghen s' principle to describe the spread of an elect rical
wave through heart tissue, but this implies th at the wave equation
is valid* in heart tissue, which seems difficult to belie ve, especially in a strongly anisotro pic
medium. Preliminary result s indic ate that the inductance will again be imp ort ant and will
play yet another formerly unsuspected role .
2 0 -
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Fig. 5. Ana logue results showing the development of plat eau behavior from ot her types (with sod ium co nducta nce
60 per cen t higher than the sta ndard H- H value).
• At least. for axially symmetric solutions the two are equi valent.
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Smooth muscle tissue represents a similar difficulty as heart cells, and some similar
studies will be made of waves in smooth muscle tissue but not with the same priority as
heart tissue. More detail of shape and organization of cells is known for smooth muscle
but the mechanism of cell-to-cell transmission is still controversial.
II. CHEMICAL SYNAPSES
The specialized junctions between nerve cells are called synapses, and it is now known that
these are of several types. In the most interesting (see Fig. 6) case, an action potential hitting
the end of an axon causes the quantal release of an excitatory substance which diffuses
across the synaptic gap and excites the membrane on the cell body. Several, or possibly a
large number of, action potentials arriving together cause a small charge density to ac-
cumulate at the wide portion of the cell body and this charge travels toward the axon.
Because of the decreased perimeter, the charge density increases and will fire off an action
potential at the hillock if it is large enough so that the threshold is exceeded.
I proposed a model of an axon with radius a = a(x) that changes with distance and used
this as a construct for the region between the point of widest girth to the hillock [inflection
for a(x)] [I I]. Here it turned out surprisingly from the formulas that
I(av)xx - {fi (av)tt = 0
(where v is membrane or line voltage, and a is the radius or diameter) which accounts for the
increase of amplitude with decrease in radius, but it also turned out that the voltage at the
hillock was greatly amplified by the curvature at the point of greatest width! Thus, the
shaping of a synapse is important to its operation.
Axonal ends of
other cells
Axon
Fig. 6. A bulbous chemical synapse.
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12. SELF-INHIBITION
For the proper operation of modulator-receptor cell packages and the systems (like
temperature, for example) they control, it seems important to some authors that they be
essentially linear devices. In any case, some early reliable measurements on stretch receptors
by Katz[I2] already indicated that some such packages were essentially linear. This near
linearity refers to the number of impulses produced by a given level of analogue signal
received. But my computational work indicated that this behavior could not be valid for
the average cell because then a pacemaker behavior could never be obtained from the
general equations; to get pacemaker behavior from the general equations required that
successive (three digit level) thresholds converge, and that seemed to require a logarithmic
(or exponential) behavior rather than a nearly linear one.
The insistence on getting all behaviors from one set of equations is motivated by more
than the usual desires for simplicity and originality. The basic membrane mechanism is still
not known, and if one set of equations essentially works in all situations that are chemically
similar, then we need seek only one membrane mechanism; otherwise, we must find
several. There are preparations where chemicals other than potassium and sodium are
involved, but these are rare and not under discussion here.
In Ref. [13], with careful attention to the properties of some known systems of cells
where self-inhibition mechanisms associated with the production of pulses can be studied,
I have presented some reasonable hypothesis on the operation of self-inhibition mechanisms
that give nearly linear response when used along with the sort of receptor behavior that
comes out of the general theory. As we have said, without self-inhibition these receptors
must give a nearly exponential or logarithmic response. Since self-inhibition is an area
brought to light almost exclusively in very recent studies of sensory physiology we find the
striking circumstance that advances in the details of sensory physiology have allowed the
resolution of a basic anomaly in electrophysiology generally.
13. BURNING AND LONG GRAVITY WAVES
The burning of a thin rod of material containing its own oxygen supply has long been
quoted as a model for the propagation of an electrical impulse on a nerve axon; the flame
front proceeds slowly at a constant velocity and without change of waveform. ] feel that in
principle such phenomena should be governed by models giving equations of hyperbolic
type, and if other models are used some terms have been inappropriately deleted. Burning
is usually treated by a heat equation, possibly with a nonlinear forcing term involved, and
then the wave equation is added from the ad hoc experimental evidence quoted above.
This gives an ordinary differential equation that often yields trouble with stability, but in
any case the observed propagation rate is imposed on the model, exactly as in the original
Hodgkin-Huxley treatment.
However, this tells us nothing as to why one gets propagation according to the wave
equation. One must recognize that lying before the flame front (approaching it from the
solid) is a first liquefied zone and then a gaseous zone. If these are created fast enough by the
heat of burning, then the rate of front propagation will be governed by burning and
flow in these zones, and I have now formulated a model for this phenomena that appears to
be of hyperbolic type. Probably only extensive calculations will reveal if it exhibits the
pure propagation properties we are seeking to include, and what kind of parameter balance
is necessary to get it. It may be noted that, in fact, burning does not always exhibit pure
60 H. MavIN LJEIJERSTEIN
propagation, and off-hand one would doubt that the appropriate balance would neces-
sarily always be present. Sintering, a process used in steel making, is one of many important
areas where a better knowledge of the mechanism that produces a constant propagation
rate would be helpful.
A model for long gravity waves was proposed in 1895 by Kortewig and Devries[14], and
these equations have aroused considerable interest in the direction[8] of these comments.
They are not really parabolic type but can generally be classified as evolutionary (includes
parabolic type), and they have been shown to contain waves that propagate a constant
rate. Thus, in principle, I believe something has been deleted from the formulation of these
equations, perhaps a small term the deletion of which amounts to a singular perturbation
and thus results in an artificial change of type. We will be looking for such deletions.
14. RENAL PHYSIOLOGY
A kidney can, to some extent, be regarded as an agglomeration of nephrons,* the nephron
being a tiny (0-006-0·01 mm) tubular unit responsible for chemical processing of the blood.
It forms from the blood a cell-free filtrate that it concentrates to a urine while collecting
the residual for excretion.
The nephron (see Fig. 7) begins in the glomerulus where pressure differences across the
membrane structures from capillaries to an adjacent nephron, aided by osmotic transport,
cause the passage of a filtrate of blood plasma into the nephron, and I must at this time
presume that a pressure is built large enough to push the fluid through a long thin tubule
to its destination in the collecting duct, for no other driving mechanism has been dis-
covered to do this. For simplicity in considering the mechanisms for concentrating urine,
I have in all my work until now ignored all components except salt and water.
We can expect the pressure in the glomerulus end of the tubule to be larger than that in
the surrounding tissue and this drives fluid outward. In case of an imbalance, the salt and
water balance would be quickly restored by osmosis, and the filtrate enters the closely
folded hairpin "loop of Henle" at the same tonicity it had at the glomerulus; in the process
it loses some 80-85 per cent by volume of the water and salt content.
Glomerulus (Bowmans Capsule)
---A,-
Capillaries
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Fig. 7. A schematic of the nephron. baSIC kidney element.
*One of the two human kidneys would perhaps be composed of 10" of them.
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For mammals and birds th is loop and the collecting ducts act together to concentrate
the urine, and it is this mech anism onl y which I ha ve undertaken to study in Ref. [IS ].
Other tre atments hypothesize an "active tr an sport" of sodium from the ascending to
the descending branch of the loop of Henl e, and thi s recircul ate s repeatedly (counter-
current principle) to create a large concentration of sodium in the bottom end of the loop .
In turn , by osmos is this crea tes a simila r concentrati on of salt in the sur ro unding tissue
which tak es up water from the collecting ducts buried deepl y in thi s tissue. The assumption
of an ac tive tran sport was introduced for a mathem atical reason by O tto Kuhn (a chemical
engineer) who found that his model co uld not otherwise yield the co ncentration change s
needed, but Kuhn 's mod el was extremely cru de, and amo ng other things tacitly assumed
the flow was inviscid. In the wo rk[ 15] I found a model th at does not include active tr an sport
and does not require the excessive pressures (50 atm) Kuhn would have required to give
reasonable concentration levels. Thus, although I ca nno t po ssibly say there is no active
tr an sport, using only mathematical tools, I can say th at the assumption is not needed for
the original mathemat ical reasons quoted, Also, althou gh some industrial and dialysis
machines undoubtedly are made to work on a countercurrent principle, they have large
pipes with low resistance to flow in them, and I find it very d oubtful that the countercurrent
principle could po ssibly wo rk for tubes that are so tiny.
My purely co mmo nsense mechan ism is essentia lly as follows. Mu ch mo re water is
pumped out of the walls at the top of the descending br anch of the loop than out of the
bottom because of the pressure dr op down the tube, and th is wo uld seem to cre ate a larger
co ncentra tion of salt in the top than in the bottom, exactly the oppos ite of the effect sought.
However, several other pr ocesses are a t wo rk. Th e cha nnel is moving the higher co ncentra -
tion mat erial downstr eam, tending to reverse the salt co ncentra tio n gradient in the cha nnel
while back diffusion is working in the channel to decrease the magnitude of concentration
gradient and, finally, osmo sis acro ss the epithelial layer to the ambient tissue is acting to
move toward equ ilibrat ion with the ambient tissue which, in turn, "communicate s" with
the ot her branch and in which back diffusion also occ urs.
Since more water is dr iven out of the descend ing than the ascending bran ch into the
co mmo n reservo ir of ambient tissue, to attain eq uilibr ium with the ambient tissue more
sodi um ions (followed by chloride ions) pass out of the ascend ing branch th an wo uld pass
just to balance the water loss out of th e ascending br an ch . Thi s then would seem to cau se
the sodium concentrati on at the top of the branch to be sma ller than at the bottom (as we
would like to see it) but other factors (back diffusion, the effect of channel flow) could either
destroy or reverse or enha nce thi s gradient.
The effectiveness of discussion now ends. In Ref. [15J, I writ e a system of four equ ations
of evo lutionary type involving the volume of wa ter and co ncentration of salt inside and
outside the loop . Assuming some equilibrating mechani sm ('"distributed capillary bed s" are
sometimes spoken of in the literature ) [ put the derivat ives with respect to time equal to
zero and thu s o bta ined agai n a system or o rd inary differenti al equation s.
Now , in the a bsence of any real knowledge of parameter s, an exte nsive systematic search
for par am eters was entered on the computer to discover a set th at would give the observed
concent ration levels. Such a set was eventually found, thu s showing that a balance of these
forces could be found to give the required result. I obta ined a 4·5-fold concentra tion with
a loop of length of 1·1 em. Moreover. by increasing the length to 1·7 em (a 50 per cent in-
crease in length ) I obta ined a 400 per cent increase in salt co ncentra tio n. Of course, thi s
was very gratifying.
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I have satisfied no-one, however, with my nephron model, least of all myself. I would
insist that kidney models are still altogether too primitive, and I believe some other driving
force besides pressure is to be found in this complicated mix, possibly another force that is
obvious to those who work on the flow in these tiny dimensions. For the sake of mathemati-
cal simplicity I have been forced to assume unrealistically that concentrations in either
channel are the same at any given distance from the top of the loop. To do otherwise would
have involved me in a difference-partial differential equation, a type of functional differen-
tial equation modern mathematicians are only beginning to understand. Moreover, in
principle, I believe the nephric mechanism should be nonlinear, though I have had to assume
linearity for lack of information. I have refrained from any more definitive work on kidney
mechanisms on my own because I believe it is the sort of study that should be undertaken
in an institute for the mathematical treatment of physiology where a variety of talents can
be brought together. My aim has not been to write the final definitive work on kidney
mechanisms but only to establish that the hypothesis of active transport was not necessary
for the mathematical reason it was first introduced.
It should be clear that computers allowed this investigation to be successful. My work
in this area should be distinguished from others in that I dared to undertake more than
cuff-sleeve calculations, and it may fairly be said that many workers in this field would like
to return to the days when one mechanism at a time was considered and accepted or rejected
on the basis of a quick mental calculation. This, however, does not allow for the complex
balance of effects noted above, and such a consideration is likely to require extensive calcu-
lations. It is perhaps this lesson that I wish to bring to the attention of renal physiologists.
It may be fairly said that some entirely fresh approaches are needed in renal physiology.
The great computer-logician, Alan M. Turing, was thoroughly taken with the idea that
reacting and diffusing substances could create concentrations of chemicals from previously
homogeneous materials and, but for an untimely death, he meant to found a complete
theory of morphogenesis on this basis[16, 17]. Possibly, although macromolecular work
has surely passed these notions insofar as the original inspiration of the master is con-
cerned, in the great complex of elements in the glomerular filtrate some weak reactions may
be involved in forming concentrations. Contrary to the Kuhn notion, a nephron is very
definitely more a diffusion device than a flow device. Perhaps weak reactions in the nephron
form local concentrations which now progress slowly down the tiny tubule; all this now once
more strongly suggests the burning process and a mathematical analogue of nerve impulse
propagation. Even more, since the kidneys contain a number of electrolytes, it suggests a
process similar to reaction electrophoresis.
16. THEORY OF HEARING
At the present time the "theory of hearing" centers around the vibrational properties of
the basilar membrane located in the cochlea of the inner ear. It carries the organ of Corte
which contains the cilia or hair cells which are mechanoreceptors, and the bending of these
send signals to the brain. Most authors agree that some sort* of place principle is involved
in the discrimination of tone; that is, that the brain interprets a given signal at a particular
frequency depending on the part of the membrane that receives it. Electrophysiology does
'There is now one strong and one weak form of the place principle and various degrees of strictness of inter-
pretation.
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not provide a sufficient range of pulse frequencies that these could pos sibly supply the
large range of frequencies the ear can discriminate by different signals on the same nerve
train. Undoubtedly some processing of electrical signals goes on beyond the ear that
sharpens signals. and G. Von Bekesy, who won a Nobel Laureat in 1961 for work on the
inner ear, has long contended that a differencing or mutual inhibition mechanism operates
for the ear similar to that in the ret ina of the eye and which pr oduces these effects, i.e. the
famou s Mach Band s [ IS]. The reader will easily imagine that there is a lot of work in
elect rophysiology to be und ertaken with respect to the inner ear,* but I will confine myself
to a treatment of the mech anic al properties of the basilar membrane until th is is better
understood .
I see the basilar membrane as a helical-spiral ramp shell-plate clamped on all edge s and
vibrating in resp on se to a uniform pressure loading in a fluid that provides for linear
damping. In this complete form the problem is probably beyond my gra sp, at least at the
present time, so I propose to replace it with a similar one in the plane, that of a plate bounded
by two spirals on which it is clamped and vibrating again in resp onse to a uniform pressure
loading (changing with time, of course) in a fluid that provides for linear damping[19, 20].
Even this problem is beyond the range of mathematical techn ique s that are already
available, but I am pursuing the further development of techn iques I used for blood flow
with the intensive assistance of a research student, Bill Hogarth , already ackn owledged
above. Dr . John Rickardt and I have already investigated [21] a replacement set of problems
I prop osed in Ref. [19] for findin g the natural frequencies (square root s of eigenvalues) of
clamped annular plate s with radii that correspond to the radii of curvature at a number of
locati ons on the cochlea. Understanding that the effects of damping would be to broaden the
frequency response, such a replacement set could be expected to give a rough verification
of the observed place principle if, as I have contended, the curvature tends to localize
arcwi se bending. Our early results are encouraging, but not nearly enough empirical data
is available to give us a good check. Even values of the curvature of basilar membranes are
not avai lable. Thi s is perhaps the tyranny of ideas ; anatomists have been led to believe that
curvatures are of no impo rta nce by the fact th at pre viou s author s treated the cochlea as
straightened out.
As I have said, the spiral clamped and damped plate problem is intended to be treated
by the techniques de veloped for blood flow. Th e damping ca n be expected to provide for
mean- square asympt otic uniqueness. Then temporarily treating all time derivatives of the
displacement as known, we expect to obtain an operator equ ation similar to (4) with the
Green's function for the Dirichlet problem replaced by an appropriate resolvent function
for the clamped plate problem. By iterating thi s operator equ ati on we will easily obtain a
formula like (5) which is asymptoti c in powers of an appropriate dimensionless parameter
and in which each of the boundar y-value problems (6) will be a relati vely simple problem
for the biharmon ic equation.
18. LOW G RA DE FAS T C O M MUN ICA TI ON C HAN N E LS
Both the Ru ssian bioph ysicist Presman [22] and the late grea t mathematician Norbert
Wiener were convinced on the basis of evidence that early warnings were transmitted
'For example. one can see that the recepto rs will not work well unle ss the coc hlea r fluid above the basilar
memb ran e ca rries a proper balance of sodium and pot assium ions .
t University of Melbou rne.
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through the body which traveled much faster than the very slow action potentials, and the
even slower subthreshold changes, ever could. Presman implies that this may be accom-
plished by essentially "wireless" means through low frequency changes in electromagnetic
fields surrounding the body, but considering that the body is practically impenetrable to
low frequencies, and even with the kindest acknowledgements that this is an information
system requiring almost no energy penetration. the contention seems almost foolish for
one so very renowned for his insights in such matters.
Actually, there is no mystery as to how such communications travel in the body[23]. The
chains of nerve axons provide perfect channels for them. A chemical synapse, for example,
provides a rather perfect high pass capacitance filter, and when an action potential hits into
one its high frequency components can be passed along and be gone before any ACI has
been released and certainly long before it has diffused across the synaptic gap. The axons,
when not stimulated to activity, still have an inductance of the form I = L/2J[a, and it is
easy to show that very low amplitude, modestly high frequency, signals are transmitted
on such lines a!--llie rate () = v I/(LC), which is almost instantaneous as compared with
the rate (I = -, (a/2)/(LC), which is the rate of propagation of an action potential. In fact,
this is a very elementary form of an ordinary coaxial cable theory.
Such signals can even penetrate deeply into connective tissue, which includes glands
like the liver. W. R. Lowenstein of Columbia University has shown that normal cells of
connective tissue (fibroblasts) form low resistance junctional membranes and tend to gather
this into long low-resistance chains. These, ofcourse, again provide channels, this time with-
out active membranes at any stimulation level, and transmit low amplitude, modestly
high frequency, signals almost instantaneously. It is therefore evident that almost every
action potential on a nerve train fills the body almost instantaneously with low amplitude
signals. They perhaps contain very little information. however, and whether or how the
body utilizes them is an open question.
Loewenstein sought insight into cancer, and the real significance of his result is that
cancerous rat liver cells, for example, do not build low resistance junctional membranes.
Undoubtedly this interferes with their reception of some sort of "stop-growth signal" from
cells of the same kind[23]. Normal cells grow into tissue in regular patterns because they
stop growth after forming their low resistance junctional membranes, but cancerous cells
do not and form an amorphous, unpatterned and, so to speak, undisciplined blocks of
cells that are held together at best only very loosely unless surrounded by other cells that
are said to "encapsulate" them.
19. BIRD NAVIGATION
I have freely indicated in the above a number of particular problems I now have under
close study and on which I intend soon to publish something definitive. Unlike in the
above I now enter two highly speculative areas and describe developments I might expect
in the "far out". Considering my record, which I have frankly confessed above, for making
immature starts into new areas, these speculations need not be taken as clearly predicting
scientific developments, yet they may be taken as suggesting fascinating new areas where
mathematics and computing may be useful.
Presman also contends[22] that in forms of lifeas high as birds, where precise communica-
tion methods like speech are not available, low grade information is often passed from one
individual to another through the media of electromagnetic fields. Many organisms contain
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oscillators, the role of which is quite unknown in biology. The mechanism for bird naviga-
tion in some species appears to be known, but in some others Pres man postulates that each
bird contains a weak low frequency oscillator and that other birds are capable of receiving
such signals if they are strong enough. Here the fact that this is an information, rather than
energy, system is invoked so that only very weak penetrations are necessary, and Presman
points out that in a large flock, with each bird oscillating, a much stronger signal is produced
than by an individual. He believes that a flock signal may be strong enough to allow an
entire flock to interpret and follow geomagnetic lines where an individual bird would be
incapable of doing it alone. Certainly some species are known where a lone straggler
cannot migrate after the flock is gone.
Ignoring the problem of interpreting the geomagnetic lines, we have been curious about
the mechanism that would allow a bird to receive an extremely weak signal. Weiner always
emphasized the "attraction" of one frequency for another in nonlinear phenomena, and
thus indicates that the superheterodyne principle ("beating" a known frequency against an
unknown one) may work with quite enlivened efficiency in nonlinear systems. Actually,
we have wondered if our circulating toroidal patterns do not somehow constitute detectors.
The availability of a number offrequencies in the body makes nonlinear superheterodyning
an attractive hypothesis.
It must be remarked that Presman regards discussions of mental telepathy in humans as
"crackpot". In evolution our accurate means of communication would have long since
eroded and overridden any ability to rely on low grade content in information, and even
the phenomena he talks about in lower forms relate to such things as an ability of a flock
beyond the ability of an individual, not to the reception of any precise information, cer-
tainly not to the reception of voices and pictures as many imaginative articles recount.
20. CHILDHOOD AUTISM
Autism is characterized by the following syndrome or pattern of symptoms:
(a) picture talking-the child will sit at the windshield of a car, and, with fingers close to
the eyes, snap them successively while turning in a number of directions;
(b) toewalking-the child walks high on the toes as though to avoid contact with reality
to whatever extent is possible;
(c) repeated motions-as in other disturbances the child engages in some repeated and
often grotesque motion;
(d) hearing and speech-the child is virtually without either.
In general, an autistic child seems completely withdrawn, and most psychiatric authorities
consider the entire pattern as one of severe withdrawal. Most such children are heard to
speak on occasion, so if difficulty with speech formation is basic it is intermittent.
Some such children seem to be light sensitive and will welcome a pair of sunglasses in
bright sunshine. This may even arrest "picture talking" and considerable squinting. Some
circumstances are vaguely suggestive of light sensitive epilepsy, and this in turn suggests
that they have systems which are overstimulated by very small disturbances to a point of
giving them, let us say, overriding voltages in the brain that make them essentially appear
to enter a petite mal. This would fit with the zombie-like trance that these children are
found to be in when they are at their very worst.
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Some colleagues in physiological psychology* have recently begun investigations to
discover any abnormalities in blood and urine content in autistic children that could
account for their abnormal condition, and the very early tentative results seem to be
consistent with the above notions. It has long been my contention that in the many body
chemical systems, we need to discover for what range of parameters is the system stable.
Since these systems are often exceedingly complex and nonlinear, it has not yet been
possible to present such an analysis for anyone of them, and in fact the method I suggest
is so formidable that no-one has even so much as considered trying it. Undoubtedly the
study of body regulatory systems in this sophisticated manner is one of those areas that
requires a large team or institute effort and would perhaps be foolish for one, or even a few,
to enter alone. To always rely on the analysis of regulatory systems as control systems is to
take a teleological view; there may well not be a controlling and a controlled parameter,
and, in fact, it seems odd if such analyses have ever really worked adequately in the body.
I would contend that autistic children may well have a number of body regulatory systems
which are such that they are stable only for an extremely narrow range of stimuli. They
may also be lacking in other things, including the entities necessary for growth, because
they enter puberty late and are generally underdeveloped in spite of the fact that they are
generally not malformed in the manner of some other retarded children.
21. SUMMARY
In this inaugural volume of Computers & Mathematics with Applications I have tried to
indicate how important computing in the mathematical sciences has been for my own
contributions to physiology. Though the narrative is unashamedly personal, I believe it
will indicate something general. Further, I hope that throughout I have indicated in as
precise terms as possible why I expect computation to continue to play an essential role in
this emerging field.
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